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ABSTRACT

We investigate the minimum value of D = D(n) such that any n-point
tree metric space (T, p) can be D-embedded into a given Banach space
(X, |I-ID; that is, there exists a mapping f : T — X with %p(z,y) <
I f(z) = FW)l < p(z,y) for any z,y € T. Bourgain showed that D(n)
grows to infinity for any superreflexive X (and this characterizes super-
reflexivity), and for X = £,, 1 < p < 00, he proved a quantitative lower
bound of const -(log log n)™in(1/2:1/P)  We give another, completely ele-
mentary proof of this lower bound, and we prove that it is tight (up to the
value of the constant). In particular, we show that any n-point tree met-
ric space can be D-embedded into a Euclidean space, with no restriction
on the dimension, with D = O(\/loglogn).

1. Introduction

Let M be a metric space with metric p, let X be a normed space with norm ||.||,
and let f: M — X be a mapping. We say that f is a D-embedding, D > 1 a
real number, if we have

%p(z,y) < @) - f@) < plz,y)

* This paper contains results from my thesis [Mat89] from 1989. Since the subject
of bi-Lipschitz embeddings is becoming “increasingly popular, in 1997 I finally
decided to publish this English version.
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for any two points z,y € M. We say that M D-embeds into X (or that M embeds
into X with distortion at most D) if there exists a D-embedding f: M — X.

The D-embeddability of finite metric spaces into various normed spaces has
been studied in a number of papers. This investigation started in the context of
the local Banach space theory, where the general idea was to obtain some analogs
for general metric spaces of notions and results dealing with the structure of
finite-dimensional subspaces of Banach spaces. Early results in this area are due
to Enflo [Enf69a, Enf69b], and some of the more recent references are Bourgain
[Bou85, Bou86], Johnson and Lindenstrauss [JL84], Bourgain et al. [BMW86],
Johnson et al. [JLS87], Arias-de-Reyna and Rodriguez-Piazza [AR92], and Ma-
tousek [Mat96]. It turns out that D-embeddings can be of considerable interest
also in theoretical computer science and in some applied areas. They can serve
as a useful representation of graphs and other metric spaces helping to visualize
their structure, find clusters, small separators, etc.; see Linial et al. [LLR95].

Here we are going to consider the D-embeddability question for a special class
of finite metric spaces, namely for the tree metric spaces. A tree metric space
can be defined as a metric space (T, p) satisfying the four-point condition: For
any four points z, y, u, v, we have p(z, y)+p(u,v) < max(p(z,u)+p(y,v), p(z,v)+
p(y,v)) (see, e.g., [Dre84] for background and equivalent characterizations). A
finite tree metric space (T, p) can be equivalently characterized as follows: There
exists a finite (graph-theoretic) tree 7o with positive real weights on edges such
that T is a subset of the vertex set V(Tp) and the metric p is the metric induced by
the metric on Ty given by the edge weights. It is easy to see that we may assume
|V (To)| < 2T, and so if we do not care about exact constants of proportionality,
we can restrict ourselves to graph-theoretic trees with weighted edges.

Let B,, denote the complete binary tree of height m. This is a graph
defined as follows: By is a single vertex (the root), and Bp,41 arises by taking
one vertex (the root) and connecting it to the roots of two disjoint copies of
B,,. We will regard B, as a finite metric space (defined by the graph-theoretic
distance on the vertex set, with edges of unit length).

Let £, denote the space of countable sequences z = (z1, %2, ...) of real numbers
with ||z|l, < oo, where ||z|l, = (32, Izi|p)1/p, and let £ be the n-dimensional
subspace spanned by the first n coordinates. Thus, #3 is the usual n-dimensional
Euclidean space. It is well-known that any finite metric space can be isometrically
embedded into £, (this is an observation due to Fréchet), and it is not too
difficult to show that any finite tree metric space is isometrically embeddable
into ;. Hence, the £, spaces of interest to us are those with 1 < p < oo.
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The embeddability of the complete binary trees into Banach spaces has been in-
vestigated by Bourgain [Bou86]. He proved that the distortion of any embedding
By, — £, is at least Q,((logm)™"(1/21/P)) = Q ((loglogn)™n(1/2:1/))  where*
n = 2m*t1 _ 1 is the number of vertices of B,,. He also characterized the Banach
spaces X such that all the B,,’s can be D-embedded into X for some D = D(X)
independent of m. These are exactly the spaces that are not superreflexive.
A superreflexive Banach space can be defined as one that admits an equivalent
uniformly convex norm (a norm ||.||" is equivalent to ||| if ¢||z|| < ||z||’ £ C|z||
holds for all z and for some constants 0 < ¢ < C). A Banach space X with norm
[I|| is uniformly convex if for any € > 0 there exists § > 0 with the following
property: For any two points z,y € X with ||z} = |jyll = 1 and |jz — y|| > &,
we have ||(z + y)/2|| < 1 —4. Let dx(¢) denote the infimum of the §’s with
this property. The function §x is called the modulus of uniform convexity
of the space X. For the spaces ¢,, the modulus of uniform convexity satisfies
8e, (€) = Qp(em>x(P)),

Bourgain’s proof is short and very elegant. It is formulated in the language of
martingales and uses some results about martingales in superreflexive spaces.
Here we give another, completely elementary and self-contained proof of his
results (I found this proof without being aware of Bourgain’s work, but, not
surprisingly, some of the basic ideas in both proofs are similar). Namely, we
prove

THEOREM 1: Let X be a uniformly convex Banach space whose modulus of
convexity satisfies §x(€) > ceP for some constants p > 2 and ¢ > 0. Then the
minimum distortion necessary for embedding B, into X is at least c; (logm)'/?
for some c; = ¢1(c,p) > 0.

Bourgain showed that the lower bound is tight up to the value of the constant
of proportionality for embedding B,, into a Euclidean space, i.e. for p = 2. We
prove that any n-point tree metric space can be embedded into £, with distortion
at most O((loglogn)™n(1/2.1/P)) where 1 < p < co. In particular, embedding
into a Euclidean space is possible with distortion O(y/loglogn). In fact, we
define a certain measure of complexity (dimension) of a tree and we bound the
distortion in terms of this dimension.

For technical reasons, we will work with rooted trees. The root can be chosen
arbitrarily. We define the caterpillar dimension of a rooted tree T', denoted
by cdim(T’), as follows: If T consists of a single vertex, the root, then we put

* Here the notation f = Q(g) is equivalent to g = O(f), and the subscript in Q,(.)
means that the constant of proportionality depends on p.
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cdim(T) = 0. For a tree T with at least 2 vertices, we define cdim(T) < k + 1
if there exist paths Pi, Pa,..., P, beginning in the root and otherwise pairwise
disjoint such that each component T; of T — E(P,) — E(P;) —--- — E(P,) satisfies
cdim(T;) < k. Here T — E(P;) — E(Py) — --- — E(P,) denotes the tree T with
the edges of the P;’s removed, and the components T; are rooted at the single
vertex lying on some P; (see also Fig. 1 a few pages later).

Let us remark that a similar dimension is used in computer science (for un-
rooted trees), and that cdim(T") can be determined in polynomial time for a given
rooted tree T', say by dynamic programming. The name is derived from the case
of trees of dimension 1, which are caterpillars with legs. A basic example of a
tree with a large caterpillar dimension is the complete binary tree B,,, for which
cdim(By,) = m. We also have the following easy

LEMMA 2: For any rooted tree T, cdim(T) < log, |V (T')| holds.
In Section 3, we prove this lemma and the following result.

THEOREM 3: For any p € (1,00) and for any finite tree metric space T, there
exists an embedding of T into £, with distortion O,((log cdim(7T))™in(1/2:1/p}),

Let us remark that the caterpillar dimension can be defined for infinite tree
metric spaces as well. The theorem also holds for infinite tree metric spaces with
a finite caterpillar dimension.

We will prove the theorem for p > 2. By Dvoretzky’s theorem, any infinite-
dimensional Banach space contains a (1 + £)-isomorphic copy of €5 for each
n and each € > 0, and consequently there is an embedding with distortion
O(m ) into any infinite-dimensional Banach space. Further, according
to a theorem of Maurey and Pisier, an infinite-dimensional Banach space whose
infimum of cotypes is ¢ > 2 contains a (1+¢)-isomorphic copy of £7 (again for all
n and all e > 0), and so tree metric spaces can be embedded into such Banach
spaces with distortion O((log cdim(T))!/9) (the notions and results used in this
paragraph can be found in [MS86], for instance).

Sometimes it is technically convenient with the following definition of the dis-
tortion of a mapping. If (X,p) and (Y,0) are metric spaces and f: X —» Y
is an injective mapping, we define the Lipschitz norm of f by || fllip =
sup{o(f(z), f(y))/p(z,y) : z,y € X,z # y}, and the distortion* of f as ||f||Lip -
lf *|lLip- A mapping with distortion 1 thus need not be an isometry but it may
re-scale all distances in the same ratio. If a mapping with distortion D goes into

* Also other terminology is used the literature; e.g., a mapping with distortion at
most D is also called a D-isomorphism, or a D-lipeomorphism, and so on.
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a normed space, then it can obviously be re-scaled in such a way that it becomes
a D-embedding as was defined above. Sometimes it is simpler to write out the
definition of a mapping with distortion D when the scaling factor is not required
to be 1. A mapping f is called non-contracting if |[f~?|jL,p < 1.

2. Lower bound

In this section, we prove Theorem 1.

Let Ty m denote the complete k-ary tree of height m. This is an obvious
generalization of the complete binary tree; in T}, each non-leaf vertex has k
successors. The level of a vertex of T ,, is its distance from the root. Let P,
denote the set {0,1,2,...,n} regarded as a metric subspace of the real numbers
with the usual metric.

The following easy geometric fact will connect the uniform convexity to em-
bedding of trees; the rest of the proof is combinatorial. Let (X, p)} be a metric
space. Define a d-fork in X as a subspace F = {zg,z1,22,25} C X such that
both {zg, 21,22} and {zo, 21,25} are (1+ §)-isomorphic to the space P> (with z;
mapped to the middle point 1). The points 23 and z, are called the tips of F.

LeEmMMA 4 (Fork lemma): Let X, 6x, p be as in Theorem 1, and let F =
{zo,71, 72,75} be a §-fork in X. Then ||za — zh|| = l|zo — z1]| - O(8Y/P).
Proof: 'We may assume zp =0, ||z1] = 1. Set

T2 — X1

SR Tk

We have ||z — z1]| = 1, ||z — z2|| < 24, and ||z]| > 2 — 46. Put u = z — 2z;. The
vectors £ = x1 and y = x; + u have unit norm, and for their midpoint

z+y +u z
LA A, Z =z
2 T T
we have
w+y”z1-25.

Hence the uniform convexity condition implies |lu|| = O(§'/?), and so
lz2 = 221]| < llzz — 2 + |2 = 221]] < 26 + |Jul| = O(6V/7).

By symmetry, we also have |z} — 2z1(| = O(§'/?), and thus ||z — 5] = O(51/?)
as claimed. 1
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Rather than dealing with the complete binary trees B, in the proof of
Theorem 1, it will be more convenient to lower-bound the distortion needed
for embedding of trees Ty with a large k into X. We observe that Ty, can
be embedded into the complete binary tree Bap[iog, k] With distortion at most 2.
Indeed, if a vertex v of T » has already been mapped to a vertex u at some level
£ of Bahfiog, k], then the k successors are mapped to k vertices above u at level
¢ + 2[log, k] whose mutual distances are all between [log, k] and 2[log, k}.

For a rooted tree T, let SP(T) stand for the set of all unordered pairs {z,y}
of vertices of T' such that z lies on the path from y to the root. We need the
following simple Ramsey-type result.

LEMMA 5: Let h and r be given natural numbers, and suppose that k > rh+1)?
Suppose that each of the pairs from SP(Ty ) is colored by one of r colors.
Then there exists a copy T' of By, in this Ty, such that the color of any pair
{z,y} € SP(T’) only depends on the levels of x and y.

Proof: Label each leaf 2 of T} ; by the (hgl)—element vector consisting of the
colors of the pairs {z,y} € SP(Tk,) lying on the path from z to the root (enu-
merated in some order common for all leaves z). In this way, the leaves of Ty p
are colored by ' < r(++D* colors. We want to show the existence of a copy of
By, all of whose leaves have the same color. By induction on h, we prove the
following statement: If the leaves of Ty j are colored by v’ colors and k > 1/, then
there exists a copy of By, all of whose leaves have the same color. The h = 0 case
is trivial. For h > 1, consider all the & subtrees isomorphic to Th_1 x attached
to the root of T 5. In each of them, select a copy of Bp-.1 with monochromatic
leaves. Since k > 1/, two of these copies have the same color of leaves and by
connecting them to the root we get the desired copy of By. |

The next lemma says that if a copy of the metric space P, is embedded into
any metric space with a constant-bounded distortion, and h is large enough, then
some 3-term arithmetic progression is embedded with distortion close to 1. In
order to get an asymptotically tight bound for the embedding of trees, we need
a slightly complicated quantitative version.

LEMMA 6 (Path embedding lemma): For any given constants a > 0 and 8 €
(0,1), a constant C = C(a,3) exists with the following property: Whenever
f is a non-contracting mapping of the metric space P}, into some metric space
(X,p) and h > 2°K®, where K = ||f||Lip, then there exists a subspace Z =
{z,z +d,z + 2d} C P, such that if we denote by fo the restriction of f on Z,
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then fy is a (1 + €)-isomorphism with

c=5 (p(f(z),l;(x +d)))_°“

(Qualitatively: The more Z is expanded by f, the more precisely must f(Z) be
isomorphic to Ps.)

Proof: For d € {1,2,...,h}, define
p(f(z), f(y))

|z — y|

K(d):max{ ;:cePh,lcc—ylzd}.

1t is easy to see that K(d) > K(2d) for all d.
Next, define a sequence of numbers g > xg > z1 > -- - by setting

zo =K and Tjy1 = .’IZJ/(l + ,8/4:1);1)

Let t be the first index with z; < 1; a simple calculation shows that t = O(K?),
and hence we may assume 2! < h (by taking C large enough). In the sequence
K(2%) > K(2%) > K(2%) > --- > K(2%), there exist two consecutive values, say
K(2%) and K(2*1), lying in the same interval [z;41,z;). Hence

K(29) p
1< ——-<1 h = — .
S Ko S +mn, wheren 1K (2

We choose d = 2% and fix points z,z + 2d € P, such that K(2d) is attained for
them, i.e. p(f(z), f(z + 2d)) = 2dK(2d). We have p(f(z), f(z + d)) < dK(d) <
d(1+ n)K(2d), and analogously p(f(x + d), f(x + 2d)) < d(1 +7n)K(2d). On the
other hand, p(f(z), f{z + d)) > p(f(z), f(z + 2d)) — p(f(z + d}, f(z + 2d)) >
2dK{2d) — d{1 + n)K(2d} = d(1 — 5} K(2d). From this, the conditions of the
Lemma are straightforward to check. ]

Proof of Theorem 1: The plan of the proof is quite simple. We consider a non-
contracting embedding f: Ty n, — X. Using Lemmas 5 and 6 we show that if
IflLip is small then there exists a O-fork in T ;, mapped to a é-fork in X, and
this contradicts Lemma 4 since the tips of the fork are far apart in 7% 5. A more
detailed proof follows.

Let 3 > 0 be a sufficiently small constant (depending on p and c), suppose that
m is large enough, and let k, h be auxiliary parameters (their dependence on m
will be fixed later). Suppose that f: Ty, — X is a non-contracting mapping
with || f||Lip = K = c1(logm)*/?; for ¢, small enough, we derive a contradiction.
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Set r = 2K?*1/3, and suppose that k > r(**D*. Color the pairs in SP(Ty 1)
according to the distortion of their distance by f; namely, a pair {z,y} €
SP(Ty 1) gets the color

[_f{f If () = F)l
g 7(z,y)

where 7 denotes the metric in T 5. By Lemma 5, there exists a copy T” of By,
in Ty p such that the color of pairs {z,y} € SP(T") only depends on the level of
z and y. This means that all paths from the root to a leaf of T/ are embedded

J €{0,1,...,r—1}

in the same way by f, up to a distortion at most 1 + K 7.

Let P be one such root-leaf path in 7’ (isometric to Py). If we set h = 2CK”
where C = C(p, §) is as in Lemma 6, we can select three vertices zg,x1,z2 of P
at levels £, £+ d, £ + 2d such that f acts as a (1 + §)-isomorphism on this triple,

where
o 1f (@) = fle)I\ 7P
a_ﬁ(—————" - ) :

If we let =5, be a vertex of 7" at level £+ 2d and at distance 2d from x,, we see
that the f-images of zg, z1, Z2, and x5 form a 3é-fork in X. By Lemma 4, we get

2d < || (z2) = f(@3)l| = |/ (o) = f(1)|O(8"/) = O(6/7d)

where the constant of proportionality in the last O(.) notation doesn’t depend
on 3. In this way, we get a contradiction by choosing 4 small enough.

It remains to check the choice of the parameters. We have h < 26X”, and
by setting ¢; in the expression K = ¢;(logm)/? sufficiently small, we can
guarantee h < m!/ (say). Then we have k = pt))? = gO(pHDVm) —
exp(O(loglogmy/m)), and so hlogk = O(m®*) < m. Therefore, by the ob-
servation made above Lemma 5, the tree Ty » used in the above proof can be
2-embedded into B,,, and Theorem 1 is proved. |

3. Upper bound

Proof of Lemma 2: By induction on cdim(T'). Suppose that cdim(T) = k + 1;
it suffices to show the existence of two disjoint subtrees T’ and T of T with
cdim(7"), cdim(T") > k. For contradiction, suppose that no such 7", T" exist.
We define a path P; inductively, starting in the root. Let v be the last vertex
of P, selected so far, and let vy,...,v,, be its sons in T (if v is a leaf then the
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definition of P; is finished). Let T; denote the subtree of T' rooted at v;. If each
of the T}’s has caterpillar dimension at most k¥ — 1 we choose an arbitrary v; as
the next vertex of P;. If edim(T};) = k for some j (note that such a j must be
unique) we let the next vertex of P; be v;. This finishes the definition of P;.

Each component of T — E(P;) has caterpillar dimension at most £ — 1, and
this contradicts the assumption cdim(T) = k + 1. [ |

EMBEDDING THE COMPLETE BINARY TREE. First we show how to embed the
tree B, into £, with distortion O(y/logm); this is very similar to Bourgain’s
embedding in [Bou86]. The embedding of an arbitrary weighted tree into £, is
considerably more complicated but it is based on a similar approach.

Let us identify the vertices of B,, with words of length at most m over the
alphabet {0,1}. The root of By, is the empty word A, and the sons of a vertex
w are the vertices w0 and wl. Now we can define an embedding f: V(B,,) —
ZLV(B’"”A, where the coordinates in the range of f are indexed by the vertices
of B,, distinct from the root, i.e. by nonempty words. For a word w € V(B,,)

on level a of B,,, that is, of length a, we define
fw)y =va—-b+1
if u is a nonempty initial segment of w of length b, and

f(w)u =

otherwise. In particular, we have f{A), = 0 for all u. For example, the indices of
the coordinates for embedding of By are 0, 1, 00, 01, 10, 11, and the embedding
looks as follows:

000000
100000 010000
/201000 /200100 04/20010 0+/20001

It is easy to see that for bounding the distortion for such an embedding, it suffices
to consider the distances of vertices u,v with u lying on the path from v to the
root. Let u,v be such vertices, and let u have level a and v level b in By,, a < b.
Then we have

a b

||f(u)—f(v)||§——-Z(\/b—i+1—\/a—i+1)2+ > (vEmiwn)

i=1 i—a+l

_Z — o) 5 + Z (b~ +1).

\/b—-z+1+\/h—z+l i—anl
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The second sum in this expression is Q((b — a)?) and hence || f~!||:» is upper-
bounded by a constant. The first sum can be estimated by

a

(b—a)22—1—z¢ <(b—a)222ij < (b—a)(na+1)

i=1 j=1
and so the distortion of f is bounded by O(y/logm).
GENERAL WEIGHTED TREES. We need some preparatory lemmas.
LEMMA 7: Lety >z >0 and 0 < a < 1. Then we have

o e y—r
y' -zt < yl—a'

Proof: We have
oot =y (1-(2)) < (1-3) =t

LEMMA 8: Let x1,%2,...,Zx be real positive numbers. Then we have

k

<l+In(z; +zo+---4+zK+1).
Z.’I:;-}-zH_l-l- e+l (21 + 22 e+ 1)

Proof: Put s; =x; +zip1 + -+ + 1. Let
I;=45ie{1,2,...,k}: —<—<1
7 3Ly +1_3z ] ]

and let k; = |I;|. Then the sum in the lemma is upper-bounded by the sum

(1) 1+> =2
=17

On the other hand, if ¢ € I;, we get
—_‘Si+1 =i—1§J7
Z; Zz;

Si+1

and so $; = S;41 + Ti = Si+1 (1 + —’—) > Sit+1 (1 + %) Hence

[o 0] 1 kj

H <1+—.> <sy=z+z2+- -+ +1,

ey J

]._

and the lemma follows by taking logarithms on both sides of this last inequality
and by using In(1 + 1/5) < 1/j and (1). |
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LEMMA 9: For arbitrary positive real numbers z,y, z and for any « € (0,1), we
have

(z+2)%(y+2)'" -2y ™ > 2.

Proof: Tt suffices to consider the case z = 1. We have
1ia
(z+1)*=2(1+-)" >z*(1+ g),
T T
and so

a 1—a«
(z+ D)y + 1)* — z%y' = > oyt~ (; + . ) =at'™*+ (1 - a)t™®,

where t = y/z. Tt is not difficult to check that for any a € (0,1), the only zero
of the derivative of the function f(¢) = at!=®+ (1 — )¢t~ is at ¢t = 1. From this
we can verify that f(¢) > 1 for all ¢ > 0. ]

Proof of Theorem 3: Let T be a tree metric space with metric p, and let us
set m = cdim(7"). We define a path partition of the tree 7. If T is a single
vertex then the path partition is empty, and otherwise the path partition of T
consists of some paths Pi, Ps,..., P. as in the definition of cdim(T") plus the
union of path partitions of the components of T —- E(P,) —--- — E(P,). We say
that the paths Pp,..., P have level 1 in such a path partition, and the paths of
level k > 2 are the paths of level k£ —1 in the corresponding path partitions of the
components of T' — F(P;) — - -- — E(P,). Note that the paths in a path partition
are edge-disjoint and together cover the edge set of T (see Fig. 1).

level 1

—  level 2

--------------- level 3

Figure 1. A schematic example of a path partition.

In the sequel, we assume that some path partition II of T' containing no path
of level more than m is chosen once and for all. Let v be a vertex of the tree
T', and consider the path from the root to v. The first segment of this path, of
length d;, follows some path P; of level 1 in the part partition II, the second
segment, of length dy, follows a path P of level 2,.. . and the last (ath) segment
of length d, follows a path F, of level @ in II, a < m. Let us call the sequence
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(P1, Pa, ..., P,) the path sequence of v and the sequence (dy,ds,...,d,) the
path length sequence of v.

Let ¢ denote the exponent dual to p, that is, the one with 1/p+1/¢ = 1. Now
we can define an embedding f: V(T') — £,. The relevant coordinates in ¢, will
be indexed by the paths in II. For f(v), only the coordinates corresponding to
the paths in the path sequence of v can be nonzero. If (dy,ds,. .. ,d,) is the path
length sequence of v, we define the numbers

2) si(v) = d; + Z max (o,dj - i) ,

j=itl 2m
i=1,2,...,a. Now we let the coordinate indexed by P; of the point f(v) be

Ffw)p, = d}/pqu.

2

It remains to estimate the distortion of f, which is not too difficult but a bit
lengthy.

Let z and y be two vertices of T and let (dy,ds,...,d,) and (ej,es,...,€ep)
be their respective path length sequences. Let & be the index such that exactly
the first k& terms of the path sequences of = and of y coincide, and suppose
that the notation z,y is chosen in such a way that di < e, (note that d; = e;
for i = 1,2,...,k~1). Let us put s; = s;(z), i = 1,2,...,a and t; = s;(y),
i=1,2,...,b. Here is a schematic picture:

Finally let us write A = ex —d, d = dpy1 + dgyo +---+d, and € = ex41 +
ek+2 1 - - - + ep. Note that the distance of ¢ and y in T equals e +d + A.

We now write

If(z) - Fwz=S+D+A+B,
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where

p P
dl}/psl}/q . el}/ptl}/q ; sz}/q _ tl}/q

D =|d/?se - el/ptl/ql”,
_ 1/17 1/(1' Z d;s?™!, and
i=k+1 i=k+1
» b
B= ei/”t}/"’ =Y et
i=k+1 i=k+1

We will estimate these terms one by one. First we show that

dr

hdll P

5 SA<d
(and, symmetrically, it follows that e?/4? < B < eP). The upper bound is
obtained easily from the inequality s; < d. As for the lower bound, we first note
that (2) gives

d; di +diy1+---+d,
(3) s > di+(di+1+"'+da)—§ +12
d—dgyr —dry2—-- —dig

- 2

Let us choose an index ¢ > k 4 1 such that diyq + dgyo + -+ +d; > %d and at
the same time dg41 +dgyo+ - +di_1 < %d. Then we have

AZ i dj(d—dk+l—dk_;2;...__ j—l)p—l
j=k+1
d—d —d —eo—d;_ p—1
2 (dk+1+"'+di)< k+1 k;g 1)

d(d\"'_ ar
> = > .
-2(4) = gp

Next, we show that || f~*||.;p is upper-bounded by a constant. If A < 2(d+e),
we have || f(z) — f(y)ll, > (A+ B)Y/? > (d+€)/4 = Qd+ e+ A) = Qp(, 1))
On the other hand, for A > 2(d 4 €), we have

d+eZA__§_

NJS
IS

tk—skZek—dk——|d—e|—



234 J. MATOUSEK Isr. J. Math.

Consequently, using Lemma 9, we get

1
DY? > (di + D)YP (s + 78)Y7 ~ /75y

1A =9(o(zy).

It remains to bound || f||zi, and, to this end, we still need to estimate the terms

1 1
> (di + AP (sk + 7 A)7 - 45/ >

D and S from above. Here we can simplify the situation a little by assuming
that z lies on the path from the root to y. Indeed, if it were not the case, let
us consider z, the last vertex common to the paths from the root to the vertices
z and y. Then p(z,y) = p(z, z) + p(z,y), and we can use the upper bounds for

1£(2) = £()llp and | £(2) = ()l to estimate ||f(z) = f(3)llp The considered
situation can thus be illustrated as follows:

€k
dy=el Ale
k41 €p
— — — ——ey
root dy = e d

For the ith term of the sum S, 1 < ¢ < k, Lemma 7 yields the estimate

d,gm_syﬂp<dﬁi—&P
2 |vg [ - t; '
Since ey = dy, €2 = da,. .., ex_1 = dx_1, from (2) we obtain
b
d; d;
(4 ti—si=;cmax(0,erﬁ)—max(o,dk—ﬁ).

Let us put § = e + ex41 + --- + €p, and
I'={ie{l,2,...,k—1}: d;/2m < 8}.

If i ¢ I, we get dy —di/2m < 0 and e; —d;/2m <O forall j = k,k+1,...,b,
and from (4) we see that s; —t; = 0. For i € I, we use the estimate t; — s, <
A+egyr+eryat+ -+ e = p(z,y).- At the same time, as in (3), we have
ti > (ei+eq1+--+ep)/2=(e;+eit1+ - +ex-1+9)/2. So we get (recall
that e; = d; for ¢ < k)

k-1
S= Z €;

i=1
<O(p(z,9))- )

i€l

1/q _ ,1/q|? = |t: — s:lP
8,7 — 1t l <Zeit—

3 - .
i

1=1
€;

<5y
eiteq1+--teg1+86 " i615+2j616j
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We apply Lemma 8, where the role of the z;’s is played by the numbers e; /§ with
j € I. This yields the bound S = p(z,y)PO(logm).

Let us finally consider the term D. In our situation, we have dy < ey, sp = di
and t; = ey + o, where o0 < egy1 + ex12+ -+ + e, < p(z,y). We arrive at

1/q
dk — €k (1 + i)
€k

o\
< |dx — ex| + ek (1+—) -1
€k

5A+qb+§—@:A+o=omawy
k

Dlr — ldk _ ellc/p(ek +U)1/‘1’ -

Together with the previous estimates for B and S, this implies that

I£(z) — FW)llp < Olog!Pm) - p(z,y).

Theorem 3 is proved. |

4. Concluding remarks

Our results determine tight worst-case asymptotic bounds for the distortion
needed to embed an n-point tree metric space into £,. For the probably most
significant case p = 2, there is also a polynomial-time algorithm that finds an
embedding into £, with the smallest possible distortion for a given n-point metric
space [LLR95] (I am aware of no result for the analogous question with p # 2).

Much less is known if we restrict the dimension of the target space, that is, if
we ask for the minimum D = D(n,d) such that all n-point tree metric spaces T
can be D-embedded into £4 (or into Zg). This setting may be quite interesting for
practical applications. For an arbitrary n-point metric space M, it was shown
[Mat90] that the required distortion for embedding into £3, with d fixed, is at
least Q(n!/U4+1)/2]) and at most O(n?/%log®? n) (with an improvement to O(n)
for d = 1,2). There still remain significant gaps between the lower and upper
bounds for odd dimensions d > 3. For instance, for d = 3, the lower bound is
Q(n'/?) but the upper bound is only about n2/3.

For tree metric spaces, it seems that only the Q(nl/ ) Jower bound is available,
coming from an easy volume argument (consider embedding of the star with
n — 1 leaves). It seems plausible that this bound could be close to the truth for
tree metric spaces. Also, it would be interesting to investigate the algorithmic
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complexity of testing D-embeddability into £4 for tree metric spaces and/or for

arbitrary metric spaces.

Note added in proof: Recently, results on embedding trees into f2 somewhat

weaker that those in the present paper have been obtained by Linial, Magen and
Saks [Israel Journal of Mathematics 106 (1998), 339-348. Gupta [Proceedings
of the 31st Annual ACM Symposium on Theory of Comput., Atlanta, Georgia,

1999] proved that any n-point tree metric space can be embedded into the d-

dimensional Euclidean space with distortion O(n

[AR92]

[Bou8s)
[Bou86)
[(BMW36]
[Dre84
[Enf69a)
(Enf69b)

[JL84]

[JLS87]

[LLRO5]

[Mat89]

l/d—l).
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